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Abstract27

Compacted clays are considered as excellent candidates for barriers to radionuclide transport 28

in future repositories for nuclear waste due to their very low hydraulic permeability. 29

Diffusion is the dominant transport mechanism, controlled by a nano-scale pore system. 30

Assessment of the clays’ long-term containment function requires adequate modelling of 31

such pore systems and their evolution. Existing characterisation techniques do not provide 32

complete pore space information for effective modelling, such as pore and throat size 33

distributions and connectivity. Special network models for reactive transport are proposed 34

here using the complimentary character of the pore space and the solid phase. This balances 35

the insufficient characterisation information and provides the means for future mechanical-36

physical-chemical coupling. The anisotropy and heterogeneity of clays is represented using37

different length parameters and percentage of pores in different directions. Resulting 38

networks are described as mathematical graphs with efficient discrete calculus formulation of 39

transport. Opalinus Clay (OPA) is chosen as an example. Experimental data for the tritiated 40

water (HTO) and U(VI) diffusion through OPA are presented. Calculated diffusion 41

coefficients of HTO and uranium species are within the ranges of the experimentally 42

determined data in different clay directions. This verifies the proposed pore network model 43

and validates that uranium complexes are diffusing as neutral species in OPA. In the case of 44

U(VI) diffusion the method is extended to account for sorption and convection. Rather than 45

changing pore radii by coarse grained mathematical formula, physical sorption is simulated in 46

each pore, which is more accurate and realistic.47

Keywords:    Reactive transport, pore network model, Opalinus Clay, pore shapes48
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1 Introduction49

Simulation of reactive transport in both natural (soils, rocks, etc.) and industrial (concrete, 50

bioengineered tissues, etc.) porous media is highly important to a variety of scientific and 51

engineering applications [1-4]. These include environmental contaminant transport [1], 52

carbon dioxide (CO2) storage [2], bioremediation [4], and stimulation of petroleum reservoirs53

[5]. Most applications require further understanding of multiple processes (diffusion, 54

convection, and reaction) and scales (microscopic and macroscopic). Because continuum 55

reactive transport models involve averaging over length scales much larger than typical grain 56

sizes, they are unable to resolve heterogeneity at smaller scales. This heterogeneity has been 57

found important for reactive transport modelling at larger scales [6]. Progress can be achieved 58

by developing physically based and microstructure-informed models suitable for such 59

analyses. Key initial requirement is that such models are able to predict measurable transport 60

properties at a macro-scale (engineering, geological) from measurable pore space 61

characteristics describing structures at a meso-scale (tens of inter-pore distances).62

63

Pore network models (PNM) are amongst the appealing approaches that provide a suitable 64

description of mutable pore space structures. Such models have been used to describe 65

conservative as well as reactive transport in saturated [7] or multiphase and unsaturated 66

porous media [8, 9]. Moreover, their use has been expanded to complement the application of 67

percolation theory to porous media [10] and to simulate the effect of microbial growth on 68

substrate transport and system permeability [4]. The pore space is approximated by a set of 69

sites and a set of bonds connecting some of the sites. The sites positions may form a regular 70

lattice (regular PNM) or reflect known length variations (irregular PNM). Mass transport is 71

allowed through the system of bonds.72

73

Conceptually, PNM are scale indifferent, i.e. they can be applied to any length-scale interval 74

where the structure of the pore space has been experimentally characterised. For example, if a 75

particular experimental technique allows for characterising pore features of sizes between 76

0.1 m and 10 m, then the corresponding PNM will take these into account. The elements 77

of PNM, sites and bonds, are abstract and can be related to the measurable features in 78

different ways depending on the available information.79

80
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Historically, pores were related to the sites and pore throats were related to the bonds of 81

regular PNM [11-13]. If such correspondence is to be statistically representative of the 82

material modelled, then sufficiently rich experimental information is required: shape and size 83

distribution of pores and throats, as well as the pore coordination spectrum, i.e. percentages 84

of pores coordinated by different numbers of throats [13, 14]. These can be obtained from85

structures with distinguishable pores and pore throats. One established way is analysing 3D 86

images from synchrotron X-ray tomography [15, 16]. 87

88

It is worth mentioning, that 3D images can be used directly to construct irregular PNM [17]. 89

These allow for validating physical assumptions for flow simulations using 4D imaging of 90

mass transport. However, such irregular PNM are sample-specific and potentially not 91

statistically representative. A regular PNM constructed within a larger volume allows for 92

capturing statistics from a number of imaged samples, i.e. improved statistical 93

correspondence, and for calculating transport at distances closer to the engineering 94

application length scale. 95

96

X-ray computed tomography is presently limited to resolving macro-porosity (features larger 97

than 50 nm). However, the resolution of this experimental technique is not sufficient to 98

identify throats for systems dominated by meso-porosity (features between 5 nm and 50 nm) 99

and micro-porosity (features smaller than 5 nm). For pore network construction, this means 100

that pore connectivity data cannot be extracted as throats cannot be identified.101

102

One possibility is to develop a regular PNM with pores from experimental distribution 103

located at sites and notional throats between each pair of neighbouring pores [1] based on a 104

topologically proper lattice proposed by Jivkov et al. [13]. Such a construction allows for the 105

calculation of the lattice length scale from known porosity and pore size distribution, but the 106

pore connectivity is constant. The diffusivity of a notional throat depends on the sizes of the 107

connected pores, the size of the solute molecules, and the interaction of the solute with the 108

pore walls. The approach provided insights into the effects of pore size distribution, solute 109

size, and sorption on diffusivity [1]. It was noted, however, that the spatial randomness of 110

pore sizes yielded variation of calculated diffusion coefficient larger than experimentally 111

measured variability. This indicated that in the real material there was a strong connectivity 112

effect, missed by the model due to lack of detailed information. In addition, diffusivity 113
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anisotropy emerging from material texture (preferred mineral orientations) could not be 114

captured.115

116

Another possibility is to assume variable connectivity [18]. While this was more realistic in 117

terms of pore space topology, the observable data were insufficient to establish rigorously a118

lattice length scale. With variable length scales, improved agreement with the variability in 119

experimentally measured diffusivity was demonstrated, including diffusion anisotropy in clay. 120

121

The two approaches to tackle incomplete pore space information, namely predefined 122

connectivity for calculable length scale [1], and undetermined length scale for realistic 123

connectivity [18], suffer from the lack of an additional constraint. This cannot be found 124

within the pore space information and requires the consideration of the solid phase structure, 125

e.g., the shape and size distribution of mineral grains. A methodology for incorporating the 126

structure of the solid phase is proposed here. It improves substantially the realism of the 127

constructed PNM, both in terms of geometry and topology. The proposal has added benefit 128

that the constructed PNM can be paired directly to lattice models of the solid phase 129

developed for analysis of damage evolution via micro-cracking [19-21]. This facilitates 130

mechanistic investigations of combined mechanical-thermal-chemical-biological effects on 131

diffusivity, which will be discussed further in the paper. 132

133

Typical pore network models idealise the pore space with simple geometries, i.e. throats are 134

assumed to have square or circular cross sections. This makes it difficult to simulate 135

processes like sorption, which may change pore geometries by physical clogging. Recent 136

advances allowed to model pore geometries with irregular cross sectional shapes [8]. The 137

influence of cross sectional shapes on diffusion and sorption will be analysed in this work.138

139

For safety assessment of repositories for high-level nuclear waste, in particular the migration 140

behaviour of radioisotopes with long half-lives (e.g., 238U, τ1/2 = 4.468×109 a; main fraction of 141

spent nuclear fuel) is in the focus of research. Opalinus Clay (OPA) is discussed as potential 142

host rock for nuclear waste repositories, where it is considered as one of the barriers to 143

radionuclide transport, because it exhibits very low hydraulic conductivity [22]. This makes 144

molecular diffusion the main transport mechanism of radionuclides through the barrier. In the 145

present work, OPA is selected to demonstrate the development of the new pore network 146

model. The pore space information for model construction is adopted from Keller et al. [23, 147
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24] and Nagra [22]. Validation data on macroscopic diffusivities come from [25-28].148

Although OPA has a very low permeability, the effects of velocities on mass transport are149

also analysed to demonstrate how the methodology will be applied to other porous media. In 150

the diffusion experiments so far the neutral Ca2UO2(CO3)3(aq) complex was assumed to be 151

the main diffusing species through OPA [25], because it was spectroscopically verified to be 152

the dominant U(VI) species in the experimental source reservoir solution. The model 153

described in the present study shall clarify whether U(VI) diffuses as cationic, anionic, or 154

neutral species through OPA.155

156



To be submitted to Physical Chemistry Chemical Physics

7

2 Geometric modelling and data157

158

2.1. Cellular basis for pore network construction159

160

Statistical analysis of the neighbourhoods of arbitrary features, randomly distributed in 3D 161

space, has shown that the truncated octahedron represents the average neighbourhood [29]. 162

The truncated octahedron was the unit cell of a regular space tessellation, representing the 163

neighbourhood of one type of measurable feature, a solid particle [20] or a pore [13], which 164

has been used to analyse deformation and failure of quasi-brittle media [19, 30, 31] and 165

transport in porous media [1, 18], respectively. Considering the need to couple the 166

deformation and the transport models in the future, we choose the truncated octahedron as 167

cellular basis for network construction. This has six square faces normal to three 168

perpendicular directions, say (1, 0, 0), (0, 1, 0), and (0, 0, 1), and eight hexagonal faces 169

normal to the corresponding octahedral directions, (±1, ±1, ±1).170

171

The material is reduced to a mathematical graph by placing particles or grains at cell centres 172

(interiors). This is illustrated in Fig. 1(a) for cells with equal distances between the three pairs 173

of square faces, a setup used in the previous works. In order to represent texture anisotropy,174

three different length parameters, S1 [m], S2 [m], and S3 [m], are used to measure the 175

distances between the square faces in directions (1, 0, 0), (0, 1, 0), and (0, 0, 1), respectively. 176

All other distances are then dependent on the three length parameters, e.g., the volume of 177

each cell is Vc = S1 S2 S3 / 2 [m3]. 178

179

180

Fig. 1: Pore space representation: (a) unit cell illustrating potential diffusion paths (bonds, 181

yellow and red) in the neighbourhood of central particle (green); these join neighbouring cell 182
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faces and show where elongated pores may be assigned to the experimental pore system 183

information; (b) a fragment of a lattice model for deformation and failure analysis, illustrating 184

sites on particles and bonds between neighbouring particles.185

186

In an assembly of Nc [-] cells, each cell is assigned to a particle with different radius, ri [m]. 187

The assignment of particles terminates when their accumulated volume fraction equals to the 188

experimentally measured value. From this requirement the volume of a cell assembly is 189

calculated by:190

3

1 2 3
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     (1)191

where  [-] is the measured volume percentage of particles. The calculation of the three 192

length parameters from Eq. (1) depends on the selection of their ratios used here to represent 193

texture. A non-textured medium has S1 = S2 = S3.  194

195

Each particle (site, cell centre) is connected to its 14 neighbouring particles by bonds 196

representing relative deformations between cells, illustrated in Fig. 1(b). This graph can be 197

analysed very efficiently using discrete exterior calculus to investigate the response of the 198

material to loading, including micro-crack generation, competition, and coalescence [32]. The 199

presence of pores in cell neighbourhoods is reflected in pore-size-dependent reduction of 200

bond strengths. Further, the assigned particle sizes may also contribute to spatial variation of 201

bond properties within the model. However, for the construction of the PNM the particular 202

particle sizes do not play a role; only the length parameter calculated by Eq. (1) is of essence. 203

204

The pore network construction is as follows. Firstly, a new skeleton is formed using sites at 205

the centres of cell faces and bonds between neighbouring faces. This is illustrated in Fig. 1(a) 206

on a single cell with S1 = S2 = S3 for clarity. The bonds represent potential transport pathways, 207

i.e. they show the positions where elongated pores are allowed to reside. Note that there are 208

no bonds cutting through cells, hence the pore system can follow paths around particles. The 209

elongated pores can be assigned with different cross sectional shapes, such as circular, 210

equilateral, and square. Since pores reside on bonds, the sites at face centres represent pore 211

junctions – volume-less containers redirecting mass transport. 212

213
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Notably, this skeleton allows for pores with maximum coordination of 8 or 12 depending on 214

whether the bond connects square to hexagonal or hexagonal to hexagonal boundary. 215

Importantly, the length parameters of the skeleton, determining the lengths of possible pores, 216

are now dictated by the solid phase structure.217

218

2.2. Pore shape219

220

A key characteristic of real porous media is the angular form of pores. It has been 221

demonstrated that having pores with a circular cross section, and thus single-phase occupancy, 222

causes insufficient connectivity of the wetting phase and as a result poor representation of 223

experimental data [33]. Angular cross sections retain the wetting fluid in their corner and 224

allow two or more fluids to flow simultaneously through the same pore. Pores which are 225

angular in cross section are thus a more realistic model than the commonly employed 226

cylindrical shape. The shape of an angular pore cross section is prescribed in terms of a 227

dimensionless shape factor, G, which is defined as228

2

A
G

P
                                                                      (2)229

where A [m2] and P [m] are the area and the perimeter of the cross section [34], respectively. 230

The shape factor replaces the irregular and complicated shape of a pore by an equivalent 231

circular, triangle, or rectangle shape. The value of shape factors ranges from a minimum of 232

zero corresponding to a slit to a maximum of 0.08 corresponding to a circular cross section. 233

Values of shape factors for triangular cross sections vary from 0 to 0.048 (with maximum for 234

equilateral triangle), and rectangular cross section from 0 to 0.062 (with maximum for square 235

shape).236

237

2.3. Assignment of porosity238

239

Pores with the desired characteristics, e.g., porosity and pore size distribution, will be 240

generated in a particle or grain structure that best represents the measured material’s size and 241

orientation. Usually, the pores in porous material can be divided into several groups, such as242

macro-pores, meso-pores, and micro-pores. For example, there exist meso-pores and micro-243

pores in the material. Firstly, meso-pores are assigned to available bonds of Fig. 2(a)244

according to the experimental data. An available bond is a bond with no previously assigned 245
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pore. The volume of all allocated meso-pores is required to equal experimentally determined 246

meso-pore volume, i.e. when247

i c c mes
i

V N V  (3)248

where Vi [m3] is the pore volume, θmes [-] is the volume fraction of meso-pores. The 249

assignment of meso-pores can be in different directions or constrained to a selected direction, 250

to simulate the anisotropy and heterogeneity. In the selected direction, the pores are randomly 251

assigned to bonds. All bonds in the chosen direction are available for meso-pore assignment.252

253

254

Fig. 2: Illustration of pore assignment to diffusion site-bond model: (a) exclusive assignment 255

of meso-pores along (1, 0, 0) with different pore cross sectional shapes taken as the clay 256

bedding direction; (b) pore network model after assignment of meso-pores (red) and micro-257

pores (yellow) – micro-pores allowed in all directions. Examples are given on lattice with 258

equal length parameters for bedding and out-of-bedding directions. (c) Schematic depiction 259

of meso-pores and micro-pores assigned to bonds.260

261

xy

z
y

x

z
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Secondly, micro-pores are assigned to bonds not already occupied by meso-pores. The micro-262

pores are also assumed to be of different shape and each new pore assignment increments the 263

pore volume according to selected cross section area and bond length. The process terminates 264

when the total pore volume fraction, from meso- and micro-pores, attains the experimental 265

porosity. Notably, micro-pores are allowed at bonds in all directions, including bonds in the 266

bedding direction not occupied by meso-pores, and more than one micro-pore can be 267

assigned to a bond if required to reach prescribed porosity, illustration in Fig. 2(c). A set of 268

micro-pores assigned to a bond can be considered as providing an “effective” transport269

between two pore junctions, which is necessary to create transport paths in the otherwise non-270

percolating meso-pore system. Importantly, they act as sieves for transport of species with 271

different molecular sizes. 272

273

An example of a PNM after assigning meso-pores and micro-pores with different pore shape 274

sets is shown in Fig. 2(b). The micro-pore sets are presented as bundles with scaled-up cross-275

sections and the network is constructed with equal length parameters in the bedding and out-276

of bedding directions for improved illustration. In the simulations different length parameters 277

in bedding and out-of bedding directions were used to represent texture.278

279

2.4. Experimental characterisation data280

281

OPA has anisotropic transport properties due to preferred orientation (or texture) of clay 282

minerals attained during sedimentation and compaction [35]. Specifically, solute species 283

diffuse slowly perpendicular and fast parallel to the bedding plane. Our goal is to construct a 284

regular PNM, which calculates diffusion in line with macroscopic observations, and can be 285

linked to models for deformation and failure of the solid phase, based on available structural 286

data.287

288

Regarding the pore space, we make use of the 3D analysis of OPA reported by Keller et al.289

[23, 24] and Nagra [22]. The pore space was divided into meso-pores and micro-pores based 290

on the resolution of different experimental techniques in our work. The meso-pores were291

resolved by Focused Ion Beam nano-tomography (FIB-nt) with elongated pores in the 292

bedding plane. These pores had approximately cylindrical shapes with diamaters > 10 nm and293

were largely isolated (i.e. solute species cannot percolate through the sample). The meso-294

pores occupied approximately 1.8 vol.% of the sample, i.e. their volume density (porosity) 295
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was θmes = 0.018. The micro-pores were resolved by N2 adsorption with pore sizes < 10 nm, 296

but were unresolved by FIB-nt. The analysis of N2 adsorption gave a total physical porosity 297

of around 11.5 vol.%, of which 9.7 vol.% were micro-pores. The volume density of micro-298

pores is thus θmic = 0.097 [23]. However, micro-pores narrower than 2 nm cannot be probed 299

by N2 adsorption. For OPA from Mont Terri, most estimates of the total porosity are on the 300

order of 16 vol.% [25, 36, 37]. In this work, we assume that micro-pores smaller than 2 nm 301

occupy 4.5 vol.% and follow the same distribution as pores occupying 9.7 vol.%. These 302

measurements show that the fine-grained clay matrix contains an extensive micro-pore 303

network. The meso-pore system can be seen as part of the effective “flow relevant” porosity 304

that surrounds the clay mineral particles and is interconnected by micro-pores. 305

306

The two measurements were combined into a single “cumulative pore volume fraction – pore 307

radius” curve given in Fig. 3(a) [18, 23]. This shows that the geometrically resolved meso-308

pores (symbols) and the adsorption-based curve coincide in their common length interval, 309

with meso-porosity θmes = 0.018 and total porosity θ = 0.16. The radii are derived with the 310

assumption of cylindrical pore shapes truthful to experimental evidence for meso-pores [23]311

and approximate for micro-pores. For the purpose of model construction the experimental 312

distribution from Fig. 3(a) is re-evaluated as cumulative probability separately for meso- and 313

micro-pores. These are shown in Fig. 3(b) and Fig. 3(c), respectively. The use of the 314

cumulative probability is to produce sizes from the measured distribution in Fig. 3(a) using a 315

generator for uniformly distributed numbers 0 ≤ p < 1. This is illustrated by the red arrows on 316

Figs. 3(b) and 3(c); more details on statistics are given by Jivkov and Xiong [18]. For pores 317

with other shapes such as square, the radii are converted to length of side with equal pore 318

volume.319

320

Regarding the structure of the solid phase, Keller et al. [24] reported 18 vol.% of non-porous 321

carbonates and 17 vol.% of non-porous quartz in the sample. The sizes of carbonates ranged 322

from 100 to 300 nm, while the size distribution of quartz was not measured. The reported 323

data of carbonate were converted to the cumulative probability of its grain sizes shown in Fig. 324

3(d) for model construction. The same cumulative probability is assumed for the non-porous 325

quartz, due to the lack of more accurate data, and used to generate particle sizes of both types 326

in a way similar to pore size generation. 327
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328

329

Fig. 3: Microstructure characteristics of OPA: (a) cumulative pore volume fraction versus 330

pore size determined by FIB-nt and N2 adsorption analyses [23]; (b) cumulative distribution 331

of meso-pore sizes; (c) cumulative distribution of micro-pore sizes with assumed probability 332

density from [18]; (d) cumulative distribution of carbonate grain sizes [24].333

334

3 Transport modelling and data335

336

3.1. Diffusion equation337

The driving force for local diffusion is the concentration gradient between connected nodes 338

with resistance provided by the pores. In reality, pores have different shapes. However, the 339

experimental data of cumulative pore fraction from Keller et al. [23] substituted the irregular 340

shape of pores by equivalent circular shape. To reflect realistic situation, circularity 341

dependent on shape factor is introduced to consider the effect of pore shapes when all pores 342

are assumed to be circular [38]. In our work, the pores are considered to be elongated 343

conduits with different pore shapes. The diffusive flow, Fij [kg/s], through a pore is described 344

by the Fick’s first law345

4
i j

ij ij ij ij

ij

c c
F G D A

l



                                                     (4)346
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where Dij [m2/s] is the pore diffusivity, which is calculated in the same way as in Xiong et al.347

[1, 39], Aij [m2] is the pore cross-section area, lij [m] is the pore length, ci – cj [kg/m3] is the 348

concentration difference between nodes, 4πGij [-] is the circularity.349

350

To verify the pore network model, two diffusion species are considered in this work. One is351

HTO, a neutral solute with molecular size of rA = 0.1 nm [18]. The other is a neutral U(VI) 352

complex, Ca2UO2(CO3)3, which dominates the U(VI) speciation in OPA pore water at room 353

temperature to nearly 100 % [40]. The molecular size of this complex is rA = 0.524 nm [41]. 354

These two species are selected for comparison with experimental data on their diffusivity in 355

OPA. The free molecular diffusion coefficients calculated with the Einstein-Stokes equation 356

at room temperature, are D0 = 2.24×10-9 m2/s for HTO [42] and D0 = 4.66×10-10 m2/s for 357

U(VI) [43], respectively.358

359

3.2. Flow equation360

361

We assume saturated flow through the network. The flow field in the network is described by 362

imposing two different pressures on two opposing boundaries of the network. The remaining 363

boundaries of the network do not permit flow. For a pore with area Aij [m2] and shape factor364

Gij, connecting nodes i and j, the volume flow rate of diffusing species, qij [m3/s], is described 365

by the Hagen-Poiseuille equation366

 
2
ij ij

ij i j

ij

A G
q m p p

l
                                                            (5)367

where m [-] is a pore-shape coefficient (for a circular, an equilateral and a square tube, m is 368

0.5, 0.6, and 0.5623, respectively [44]), μ [Pa·s] is the dynamic viscosity, pi and pj [Pa] are 369

pressures at pore i and j, respectively. Eq. (5) is considered to be appropriate for describing 370

flow in pores [45] and is valid for laminar flow in a wide range of Reynolds numbers. For 371

incompressible, steady state flow, the sum of pore discharges at node must be zero372

1

0
iz

ij
j

q


                                                                (6)373

where zi [-] is the number of pores connected to node i. Then the average pore water velocity 374

through the pore network, �̅ [m/s], can be determined as375

QL
v

V
                                                              (7)376
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where Q [m3/s] is the total discharge through the network; L [m] is the network length in the 377

flow direction; V [m3] is the volume of the network.378

379

3.3. Mass transport equation380

381

The transient dynamics of a solute subject to sorption and transport are described by the 382

following equations:383

adv dif sorp

c c c c

t t t t

        
       

        
                                         (8)384

 
adv

c
cu

t

 
  

 
                                                                (9)385

 
dif

c
D c

t

 
   

 
                                                             (10)386

sorp

c s
L

t t

  
  

  
                                                                (11)387

where t [s] is time, c [kg/m3] is the concentration of the species in the system, u [m/s] is the 388

fluid velocity vector, D [m2/s] is the diffusion coefficient, s is the adsorbed mass onto the 389

solid phase [kg/m2], and L is the throat length [m].390

391

A temporal and spatial discretization of above equations is used to describe mass transport 392

through a pore393

ij i j ij

ij ij ij ij ij

ij

dc c c ds
V V u F S

dt l dt


   .                                         (12)394

Substituting Eq. (4) and (5) into Eq. (12), the mass flow of species in a throat is 395

( ) 4
ij i j ij

ij ij i j ij ij ij ij

ij

dc c c ds
V q c c G D A S

dt l dt



    ,                        (13)396

where qij [m3/s] is the volumetric flow within the throat, cij [kg/m3] is the average 397

concentration in the pore, sij [kg/m2] is mass adsorbed per unit area of the pore wall, Sij [m2]398

is the surface area, Vij [m3] is the pore volume [46].399

Linear equilibrium adsorption is described by:400

,ij a ij ijs k c ,                                                         (14)401

where ka,ij [m] is the distribution coefficient normalized to the surface area (kd/Sij) [47].402

Then Eq. (13) becomes403
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 ,1 ( ) 4ij i j

ij a ij ij i j ij ij ij

ij

dc c c
V k q c c G D A

dt l
 


    ,                           (15)404

where β=Sij/Vij [1/m].405

For nonlinear equilibrium adsorption the Freundlich isotherm [48] is used:406

b
ij ijs ac ,                                                              (16)407

leading to408

 11 ( ) 4
ij i jb

ij ij ij i j ij ij ij

ij

dc c c
V a c q c c G D A

dt l
 


    ,                        (17)409

where a [m3b-2/kgb-1] and b [-] (b>1) are coefficients for sorption.410

411

3.4. Network transport analysis412

413

The system illustrated in Fig. 2(b) is a 3D mathematical graph – sites are graph nodes, bonds 414

are graph edges. The graph topological structure (connectivity) is described by the so-called 415

incidence matrix A of dimensions E × N, where E is the number of edges (pores) and N is the 416

number of nodes (pore junctions). An element of this matrix, aen, can be either -1, +1, or 0, if 417

node n is the first, second or not incident of edge e.418

419

The incidence matrix describes both the topological structure of the system, which can be 420

used for connectivity analysis, and the derivative of a discrete function defined on the nodes421

[49]. Specifically, a concentration field on the graph nodes, vector C of dimension N, has a422

gradient given by the matrix product A C, which is a discrete field on the edges, vector C of 423

dimension E. As importantly, the transpose of the incidence matrix describes the derivative of 424

a discrete function defined on the edges. Specifically, a mass flow field on the graph edges, a 425

vector J of dimension E, has a gradient given by AT J, which is a discrete field on the nodes,426

a vector J of dimension N.427

428

The components of the discrete field of edge flows, J, are calculated by Eq. (15) or Eq. (17), 429

i.e. each component is the edge gradient scaled by an edge weight given by We = (qij+Dij Aij / 430

Lij)/(1+kaβ) or We = (qij+Dij Aij / Lij)/(1+acij
b-1β) for linear and nonlinear sorption at pore scale, 431

respectively. Clearly, the edge weight depends on the assigned pore radius, velocity in the 432

pore, selected length scale, radius of diffusing species, and sorption coefficient. For 433

convenience the edge weights are arranged in a diagonal matrix, W, of dimensions E × E, 434
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where the element in row and column e is the weight of edge e. Thus, the discrete flow field 435

is given by J = -W A C. 436

437

The mass transport through the graph is governed by mass conservation at nodes, i.e. the rate 438

of change of diffusing species mass at the nodes equals the resultant mass flows through the 439

nodes. The latter is the algebraic sum of the flows through adjacent edges, which is the 440

divergence of the flow field given by AT J. Thus, the process of mass transport through a 441

weighted graph is formulated mathematically by 442

n

d
V

dt
  TC

A W AC , (18)443

where Vn is the node volume, which can be taken as cell volume, t is the time. This must be 444

supplemented by initial and boundary conditions, similarly to continuum problems, but now 445

defined on a discrete set of nodes. It is sufficient to point out that the matrix system of Eq. 446

(18), supplemented by initial concentrations at all nodes and prescribed concentrations or 447

fluxes at boundary nodes, is solved numerically to find nodal concentrations and boundary 448

fluxes at any future time. The simulations terminate when steady-state is reached, i.e. when 449

concentrations at all nodes are constant. 450

451

The formulation of flow via discrete analysis on graphs is highly beneficial for incorporating 452

system evolution compared to traditional finite element or finite difference formulations. 453

Conceptually, it shows the intrinsic relation between the pore space topological structure and 454

transport, both described via the incidence matrix. Practically, it differentiates clearly 455

between effects of connectivity, captured by the incidence matrix A, and geometry and 456

physics, captured by the edge weight matrix W. This facilitates the incorporation of potential 457

pore space changing mechanisms in a computationally effective way. For example, local pore 458

geometrical changes arising from corrosion, sorption, bacterial film growth, deformation, etc., 459

will affect corresponding coefficients of W only but leave A constant. Material failures, such 460

as micro-cracks, during evolution present a more complex case. These change the 461

connectivity, i.e. they alter A, and introduce geometry and physics for the new edges, i.e. 462

modify W. 463

464

Immutable pore systems have been analysed for the calculation of macroscopic diffusivity. 465

Comparing the calculated results with experimental diffusion coefficients reported in the 466

literature, the realism of the model construction in terms of initial pore space geometry and 467
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topology will be verified. In this work, the effects of pore shapes, sorption coefficient, and 468

velocities are analysed based on previous work.469

470

3.5. Diffusion experiments471

OPA bore core samples from the Mont Terri rock laboratory in Switzerland were used in all472

diffusion experiments applying the experimental set-up described in Van Loon et al. [50] and 473

shown in Fig. 4. The samples (thickness: 11 mm, diameter: 25.5 mm) were placed in stainless 474

steel diffusion cells between two stainless steel filter plates (316L, pore diameter: 0.01 mm; 475

MOTT industrial division, Farmington, USA). Synthetic OPA pore water [51] was used as 476

background electrolyte in all diffusion experiments. Each diffusion cell was coupled with a 477

peristaltic pump (mod. Ecoline, Ismatec, IDEX Health & Science, Glattbrugg, Switzerland) 478

and a source and receiving reservoir filled with 200 mL and 20 mL synthetic OPA pore water, 479

respectively. The solutions were circulating through the end plates of the cells in order to 480

saturate the samples. The saturation time amounted to three weeks. Subsequently, the 481

solutions were replaced by fresh ones, whereby the source reservoir contained the tracer and 482

thus, tracer diffusion perpendicular to the clay bedding was started.483

484

Fig. 4: Schematic depiction of the experimental set-up used in the diffusion experiments485

(based on Van Loon et al. [50]).486

487

At first, HTO through- and out-diffusion experiments were performed according to the 488

procedure described by Van Loon et al. [50] in order to determine values for the total 489

porosity (θ) of the clay samples (c0(HTO) = 1000 Bq/mL). After that, the U(VI) in-diffusion 490



To be submitted to Physical Chemistry Chemical Physics

19

was studied (c0(233U(VI)) = 1×10-6 mol/L). After 3 months, the diffusion experiments were 491

stopped and the clay samples were removed from the cells. With the help of the abrasive 492

peeling technique [52], U(VI) diffusion profiles were determined. The peeled layers were 493

extracted for U(VI) content by 1 mol/L HNO3 (p.a., Roth, Karlsruhe, Germany). The tracer 494

concentrations in the extracts were determined by liquid scintillation counting (mod. TriCarb 495

3100 TR, Perkin Elmer, Freiburg, Germany). All experimental results were evaluated using 496

the commercial software COMSOL Multiphysics: Finite-element software package 3.5a 497

(2008) and 4.2a (2011). A detailed description of all diffusion experiments can be found in 498

Joseph et al. [25, 27].499

500

501

502

503
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4 Results and discussion504

505

4.1. Boundary value problems on graphs506

With respect to a coordinate system (X1, X2, X3) normal to the square faces of the unit cell 507

(see Fig. 1), a pore network skeleton within the boxed region (0 ≤ X1 ≤ N·S1, 0 ≤ X2 ≤ N·S2, 0 508

≤ X3 ≤ N·S3) was used. Here, S1, S2, S3, are the cell sizes in the three coordinate directions and 509

N is the number of cells in each coordinate direction. Pore networks were built on skeletons 510

with increasing N using the process from sub-sections 2.1-2.4. Statistically representative 511

distribution of pore sizes was obtained with relatively small number of cells, e.g., it was 512

sufficient that N > 5 for the distributed pores to follow the experimental pore size distribution 513

closely. Further, the effect of the random spatial allocation of pores on results was analysed 514

using 10 different realisations for each N. It was found that for N = 20, the variation of results 515

from the average was reduced to under 10%. This was judged to be an acceptable accuracy 516

and the diffusivity results reported hereafter were obtained as the average values from 10 517

realisations on a skeleton with N = 20. This skeleton contains Nodes = 110860 nodes, i.e. 518

potential pore junctions, and Edges = 533520 bonds, i.e. potential pore locations. 519

520

Zero concentration of diffusing species is taken as initial conditions in all nodes. The 521

boundary conditions reflect a particular experimental setup, where concentrations c0 and c1, 522

are prescribed on two opposite boundaries, while the remaining four boundaries do not permit 523

flux. The selection of the two boundaries depends on the macroscopic transport properties 524

being analysed. Specifically, the boundary conditions used to calculate the macroscopic 525

transport properties parallel to bedding direction (1, 0, 0), D1, are: prescribed concentration c0, 526

in all nodes on plane X1 = 0; prescribed concentration c1 in all nodes on plane X1 = 20S1; zero 527

flux through all nodes on planes X2 = 0, X2 = 20S2, X3 = 0, X3 = 20S3. For calculating the 528

macroscopic transport properties perpendicular to the bedding direction, say (0, 1, 0), D2, the 529

boundary conditions are: prescribed concentration c0 in all nodes on plane X2 = 0; prescribed 530

concentration c1 in all nodes on plane X2 = 20S2; zero flux through all nodes on planes X1 = 0, 531

X1 = 20S1, X3 = 0, X3 = 20S3.532

One example of diffusion in the bedding direction for a system with unequal length 533

parameters and circular cross sectional pores is shown in Fig. 5 by the solute concentration 534

profiles at select times. The prescribed concentration c0 on plane X1 is 1 mol/m3 and the 535
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prescribed concentration c1 on plane X0 is 0. These are snapshots taken from the whole 536

history obtained by numerical simulation based on Eq. (4). The profiles are shown on the 537

cellular assembly, rather than on the graph representing the pore network, for clarity.538

539

540

Fig. 5: Concentration profiles of HTO [mol/m3] at time t = 0.1 s (a), t = 0.5 s (b), and t = 1 s541

(c). The pores are assumed with circular cross section.542

543

4.2. Effective diffusivity544

545

The constructed pore networks exhibit macroscopic tortuosity (path lengthening), introduced 546

by the selection of transport pathways along the interfaces between solid phases regions. This 547

tortuosity depends on the material texture, represented here by the ratios of the cell length 548

parameters in three perpendicular directions. Experimental results show that tortuosity is 549

smaller in the bedding direction [26]. Therefore, we investigate the effect of larger cell length 550

in the bedding direction and smaller cell lengths in the directions perpendicular to bedding. 551

The results of different cell length ratios have been discussed in a previous paper [39]. It was 552

shown that the calculated effective diffusivity considering both carbonates and quartz as 553
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particles is closest to the experimental value when the ratio of the cell length parameters is: S1554

/ S2 = 2 and the out-of-bedding directions are not differentiated, i.e. S2 = S3 is assumed. In this 555

work, the same ratio of the cell length parameters and volume percentage of particles are556

adopted. For cellular assembly of this given ratio, 10 realisations of pore spatial distributions 557

were analysed to obtain the transport in the bedding, S1, and out-of-bedding, S2, directions. 558

The results reported are the averaged values of these analyses.559

560

The diffusion of tracer molecules in clay has shown that mainly neutral and cationic species 561

diffuse in the interlayer water, diffuse layer water and the free pore water [53]. Experiments562

reported that the accessible porosity for HTO [25, 26, 37, 54] agrees very well with total 563

porosity in OPA [22], which implies that almost all the pores in OPA are available. The total 564

porosity has been used to simulate the effective diffusion coefficients of HTO in this work. In 565

Fig. 6, the effective diffusivities of HTO and U(VI) parallel and perpendicular to the bedding, 566

D1 and D2, are shown to increase as the average shape factor G increases. The calculated 567

effective diffusivity of HTO is in the following ranges: D1 = 5.41×10-11 ~ 17.10×10-11 m2/s; 568

D2 = 1.58×10-11 ~ 5.03×10-11 m2/s (see Fig. 6a). Reported experimentally obtained values for 569

HTO diffusion in OPA shown in Fig. 6a are in the range of D1 = (5.4±0.4)×10-11 m2/s [26]570

and D2 = (1.48±0.03)×10-11 m2/s [25], (1.26±0.09)×10-11 m2/s [25], (1.23±0.06)×10-11 m2/s571

[26], (1.67±0.12)×10-11 m2/s [27], (1.33±0.11)×10-11 m2/s [27] determined for different bore 572

core samples. In OPA, the accessible porosity is different for the various species resulting in 573

different effective diffusivities. The increased diffusion of cations is explained either by 574

interlayer or by diffusion in the electrical double layer [37, 55] that surrounds the negatively 575

charged clay surface and contains an excess of cations [54, 56-61]. The diminished diffusion 576

of anions is due to their limited access to the interlayer space. This is caused by the overlay of 577

double layers. As a result the electric potential becomes considerably large [62]. 578

579

If in the model the diffusing U(VI) species is neutral, then the same initial accessible porosity 580

as for HTO can be assumed. The simulated effective diffusivity of U(VI) in the bedding 581

direction, D1, (cf. Fig. 6b) is in the range of 8.04×10-12 ~ 2.56×10-11 m2/s, and in the 582

perpendicular direction, D2, is from 1.98×10-12 to 7.26×10-12 m2/s. Experimental data for 583

U(VI) in the perpendicular direction are 1.5×10-12 ~ 2.3×10-12 m2/s [25, 27]. The simulated 584

results for HTO and U(VI) are in good agreement with experimental investigations when 585

average shape factor, G, is equal to 0.025 (cf. Fig. 6). In OPA, three types of water accessible 586

for diffusion can be distinguished. The solute, for instance a U(VI) species, enters freely the 587
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larger pores, since it resides in an electrically neutral solution, the so-called free pore-water. 588

On the net negatively charged clay surface, the water turns into a diffuse double layer. The589

charge deficiency can be balanced by exchangeable cations, anions are repulsed from the 590

surface. The third type is interlayer water in the smectite fraction of OPA. It is considered to 591

contain exchangeable cations only, which behave chemically and physically comparable to 592

the surface complexed cations. The types of water or pore space accessible for diffusion 593

depends on the diffusing species [22, 37, 63, 64]. Specifically, diffusion of cations is 594

enhanced, and that of anions diminished, relative to a neutral tracer such as HTO [37]. The 595

here discussed effective diffusivity excludes sorption effects of the U(VI) species, 596

Ca2UO2(CO3)3(aq), on OPA during their migration, only the pure transport process is 597

considered. Since the same approach was used for modelling HTO and U(VI) diffusion 598

except that the radius of the diffusing species was changed, the observed difference of one 599

order of magnitude in D2 for HTO and U(VI) can be attributed solely to size exclusion effects 600

and not to charge effects of attracted or repulsed charged U(VI) species. It has been 601

demonstrated in previous works [54, 65], that the amount of electrical double layer water is 602

approximately equal to half of the porosity. This means that anions cannot access almost half 603

of the porosity, manifested in anion exclusion effect on diffusivity. Hence, the effective 604

diffusivity of UO2(CO3)3
4- and U(VI) species should be different despite of their similar 605

molecular sizes. Therefore, it can be concluded that the neutral Ca2UO2(CO3)3(aq) complex is 606

not only the dominant U(VI) species in the OPA pore water solution in the source reservoir 607

but also the main diffusing U(VI) species through OPA. 608

609

Overall, the model in this work can predict diffusion in OPA very well. The difference 610

between the computational and the experimental results could be partially due to a difference 611

between the microstructure characteristics of OPA obtained by Keller et al. [23, 24] used for 612

model construction, and the clays used for experimental measurement of effective diffusion 613

coefficients by Van Loon et al. [26] and Joseph et al. [25, 27].614
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615
Fig. 6: Calculated effective diffusivity of HTO (a) and U(VI) (b) in OPA as a function of 616

shape factor and accounting for carbonates and quartz as non-porous particles with combined 617

volume fraction of 0.35. Experimentally determined ranges of OPA effective diffusion 618

coefficients are shown for comparison.619

620

4.3. Apparent diffusivity621

To investigate the effects of the shape factor on sorption, apparent diffusivities of U(VI) with 622

different average shape factors are analysed and presented in Fig. 7(a). It is obvious that the 623

increase of the average shape factor in the system yields an increase of apparent diffusivities 624

of U(VI) in both directions investigated. Because the shape factor is the ratio between cross 625

section area and perimeter, smaller shape factors lead to smaller ratios between pore volume 626

and surface area. The larger the surface area the more species adsorb onto the pore wall. The 627

variation of U(VI) apparent diffusivities is bigger than the growth of U(VI) effective 628

diffusivities when the average shape factor increases from 0.025 to 0.08. In addition, the 629

change of apparent diffusivities in the bedding direction is larger than apparent diffusivities 630

perpendicular to the bedding plane. This is due to the fact that elongated pores are distributed 631

in the bedding direction. The shape factor only affects cross sectional shape.632

633

Because effective diffusivities of U(VI) agree well with experimental values when the 634

average shape factor, G, equals to 0.025, this value of G is adopted to study sorption effects 635

of U(VI) in OPA. We assumed that linear sorption occurs at pore-scale according to 636

experimental investigation [35]. Apparent diffusivities of U(VI) species are shown in Fig. 7(b)637

as a function of distribution coefficients, ka. It is clear that the increase of ka yields reductions 638

of the apparent diffusivity, D1a and D2a. Because the adsorbed mass is dependent on the value 639

of ka, more species will be adsorbed when ka increases. As a consequence, migration of the 640

U(VI) species retards because of their stronger interaction with the OPA pore walls. In 641
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addition, since more species are adsorbed onto the pore-wall, the cross section of pores 642

allowed for diffusion becomes smaller and thus the accessible pore space will be reduced. 643

Notably, the decrease of the apparent diffusivity becomes slowly as the adsorption coefficient 644

increases. This is an illustration of the non-linear effect of the sorption in the system. 645

646

The calculated results of apparent diffusivities are in the following ranges: D1a = 8.35×10-14 ~647

2.05×10-13 m2/s; D2a = 1.98×10-14 ~ 4.87×10-14 m2/s, see Fig. 7(b), when ka decreases from 648

250 nm to 100 nm. Reported experimentally obtained values for U(VI) complexes diffusion 649

in OPA are D1a = 9.5×10-14 m2/s [28], D2a = 2.8×10-14 ~ 3.4×10-14 m2/s [25, 27], 2.8×10-14650

m2/s [28]. These ranges are given in Fig. 7(b). Direct comparison shows that the simulation 651

and the experimental results are in reasonable agreement when ka is about 200 nm. The 652

experimental distribution coefficients kd measured by experiments were parallel to the 653

bedding: 0.0142 m3/kg [28], perpendicular to the bedding: 0.025±0.003 m3/kg [25],654

0.038±0.005 m3/kg [27], 0.0138 m3/kg [28]. Since ka is the distribution coefficient, kd, 655

normalised by surface area, and the surface area obtained by ethylene glycol monoethyl ether 656

for OPA varies from 80 to 107 m2/g (the average value is 94 m2/g) [22], the experimental ka657

values range from 128 nm to 350 nm. This is very close to the simulated value of ka. The 658

sorption of U(VI) species is therefore linear.659

660
Fig. 7. Simulated apparent diffusivity of U(VI) in OPA. (a) the dependence on shape factor 661

when distribution coefficient, ka, equals 200 nm; (b) as a function of ka, when G = 0.025, 662

experimentally determined ranges of Da values are shown for comparison.663

664

The pore-scale Freundlich isotherm sorption, s = acb (cf. Eq. (16)), is also studied in this 665

work. Since this sorption equation is dependent on the pore-local concentration variation of 666

solutes, the concentration applied at the boundaries must be clarified. This is different for the 667

analysis of effective diffusion and linear sorption where the results are independent of the 668
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prescribed concentration difference on the boundaries. We apply C0 = 0.05 mol/m3 at X0 = 0, 669

C1 = 0 at X1 = 20S1, and no flux at other boundaries. The effects of parameters a and b on the 670

apparent diffusivities are shown in Fig. 8. In Fig. 8(a), the increase of a yields a reduction of 671

the apparent diffusivities of U(VI) in both directions when b = 1.5. The changes are similar 672

with the situation of linear sorption, s = kac. In Fig. 8(b), the apparent diffusivities of U(VI) 673

in both directions increase as b increase. The increase of apparent diffusivities becomes 674

slowly with increasing b. This is due to the fact that the adsorbed mass becomes less as the 675

parameter of b increases. The maximum values of apparent diffusivities will be very close to 676

their effective diffusivities when b increases.677
678

679
Fig. 8: Simulated apparent diffusivity of U(VI) in OPA by assuming a nonlinear sorption. 680

Data are presented as a function of the Freundlich coefficient a (a) and the Freundlich681

exponent b (b). The shape factor equals to 0.025.682

683

4.4. Velocity effect on transport property684

685

Although hydraulic conductivity is very slow in OPA, it may be crucial for mass transport in 686

other porous media. To illustrate the mechanism of diffusion-sorption-convection in porous 687

media, we still use OPA as an example. The effect of velocity on transport of uranium species 688

is considered. The shape factor is 0.025 and the distribution coefficient ka is 200 nm. The 689

evolution of uranium concentration at the outlet surface with time for different velocities is 690

described in Fig. 9. Obviously, convection accelerates transport of species through the pore 691

network model. The larger the velocity through the pore network model, the faster the species 692

arrive the outlet surface. There is not much variation in the time evolution of the outlet 693

concentration when velocity increases from 0 to 0.186 mm/s. This is in agreement with the 694

fact that not convection but molecular diffusion is the main transport mechanism for 695

radionuclides in OPA.696



To be submitted to Physical Chemistry Chemical Physics

27

697

Fig. 9: Time history of uranium concentration at the outlet surface for different velocities, the 698

distribution coefficient ka is 200 nm, the pore shape factor is 0.025.699

700

5 Conclusions701

702
A discrete model for mass transport through porous media has been proposed to balance 703

incomplete knowledge of geometrical and topological pore system characteristics. 704

705

The effect of clay’s texture on the transport properties has been investigated by analysing the 706

transport of HTO and U(VI) through OPA. The anisotropy and heterogeneity of the clay can 707

be simulated via different length parameters and percentage of pores in different directions.708

Different pore shapes are also taken into account in this model, which is very important for 709

multi-phase transport. Calculated diffusion coefficients are within the ranges of experimental 710

data. The results suggest that U(VI) diffuses as neutral species, Ca2UO2(CO3)3(aq), through 711

OPA. Because only species in the source reservoir solution are known in experiments, the 712

methodology proposed in this work could clarify the kind of U(VI) species (anion, cation or 713

neutral species) diffusing in OPA. In addition, the idea has been extended to account for 714

sorption and convection. Physical sorption is simulated in each pore, which is more accurate 715

and realistic compared to previous coarse grained mathematical formula by changing pore 716

radii [1].717

718

Although this work has used a particular material to illustrate the methodology and its 719

application, the model is suitable for modelling and simulation of other micro- and meso-720

porous materials. The methodology proposed in this work can be used to study sorption of 721
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species that may not be easily studied by classical in-diffusion or through-diffusion methods,722

for example, when the species is adsorbed onto laboratory materials (e.g., cells, vessels, and 723

tubing).724

725

The proposed model can be potentially used for coupling with deformation and fracture of 726

porous media, where the pore system and the solid phase, represented as dual graphs, will 727

interact effectively. Models mimicking the coupling are possible and are subject of ongoing 728

work. For example, our immediate plans are to study the effect of micro-cracking due to 729

thermo-mechanical loads on the diffusion with application to long-term behaviour of OPA in 730

a nuclear wastes repository. The goal with the concept development is to have a set of 731

discrete models, i.e. PNM accounting for transport mechanism and lattice models of the solid 732

phase developed for analysis of damage evolution via micro-cracking [19], that evolve 733

concurrently at their own rates and inform each other about changes in their structures. Such 734

a coupled problem could be of great interest in many disciplines, e.g., shale gas extraction, 735

dams, and underground cavities in hydropower engineering. In these applications, the 736

evolution of permeability rather than diffusivity of the medium is required, but the 737

methodology developed in this work would be the same.738
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